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PH.D. QUALIFYING EXAM AND M.S. CoMP. EXAM ON
NUMERICAL ANALYSIS

Note: There are two parts. In Part I, answer 4 out of 5 questions. In Part II, answer
4 out of 5 questions. For each part, if you do all 5 questions, specify which 4 questions
are to be graded. You need 80% for a Ph.D. pass, and 70% for an M.S. pass. Always show
your calculations and justify your answers.

Part I

1. Fred the Physicist wants to solve an equation of the form
(2° —a)e® — 3 =0,

where a and [ are parameters that can change, but are always positive and modest in
size. The desired solution is also positive. He has a numerical methods textbook that
mentions the bisection, fixed-point, Newton, secant, and Brent’s methods. Explain
which of these methods would be most appropriate for this problem with respect to
speed of convergence, reliability, and appropriateness for this problem. Conclude with
a recommendation of which method to use.

The next day, he says there is another equation he wants to solve, or rather a sys-
tem of equations to be solved (number of variables equals the number of equations).
Specifically, he wants to solve

ax® — 22 + By — v =0
eV +y—2x* —ay—0x =0,

where the parameters «, 5,7, 6 > 0 all have modest size. Revise your recommendation
in this case.

2. Explain in detail how to use Lagrange interpolation polynomials to compute the poly-
nomial interpolant of degree < n of (z;,y;) for i = 0,1,2,...,n. Explain in detail how
to use divided differences to compute the polynomial interpolant of the same data. Give
a formula for the difference between an interpolated function f (where y; = f(z;)) and
the polynomial interpolant of degree < n that uses the (n 4 1)th derivative of f.



3. Let P: Cla,b] — Cla,b] be an interpolation operator
Pf(x) =Y fla:) li(x),
i=1

where /;(x;) = 1 if i = j and zero otherwise. Also, ||g||cc = maxzc(qy |g(2)] is the max
norm for continuous functions [a, b] — R. We define || P|| to be the smallest number 3
where ||Pgllo < B]lg]|s for all continuous g. Show that if ¢ € range P, then

1f = Pflloo < X+ PDIS = glloc-

Explain how this shows that while equally spaced polynomial interpolation suffers from
the Runge phenomenon, polynomial interpolation using Chebyshev points and cubic
spline interpolation (using not-a-knot cubic splines) are much more reliable. Note that
for equally spaced interpolation, ||P|| = O(2"/(n lnn)); for polynomial interpolation
using Chebyshev points, || P|| = O(Inn); and for cubic spline (not-a-knot) interpolation,
IIP]| = O(1), as n — oc.

4. Show that the basic Simpson’s rule

b
b—a 1
[ #arin =2 | f@) v a fGla 0 + )|
is exact whenever f is a cubic polynomial. (It is sufficient to show this for [a,b] =
[—1,1], and then use scaling and shifting to show that it follows for any [a,b]). Use
this or some other means to show that the composite Simpson’s rule with even n,

b N
/ f(z)de ~ bg_na [f(zo) +4 f(x1) +2 fag) +4 f(x3) +2 f(x4) + -
+2 f(zn-2) + 4 f(xn1) + f2n))]
with z; = a + (b — a)/n, has error O(n™*) as n — oo for smooth f.

5. The degree three Legendre polynomial is Py(z) = 3(52° — 3z), which is degree 3
orthogonal polynomial (within a scale factor) for the inner product

+1
(fr9)= [ [fz)g(x)dr.
-1
Using this information, give the Gauss-Legendre quadrature method for computing
fol h(t) dt of maximal order with three function evaluations. What is the maximal
value of d where this method is exact for all polynomials of degree < d?



Part I1

1. Apply the Gaussian elimination method with partial pivoting to solve the linear system
11 ) (1
2 3 i) n 1 )
You must provide every step that leads to your solution of the linear system.

2. Find the least squares solution of the following over-determined system

21’1—1’2:1,
33’1+2[L'2:1,

—X] + 10 = 1.
Show all the steps of your calculations.

3. Apply the theory of Gershgorin circles to identify three circles such that each circle
contains exactly one of the three eigenvalues (let’s label them A;, A and A3) of the

matrix
2 1.2 0
A= 1 -1 2
—0.5 0 6

Starting with an initial vector, the power method will generate a sequence of approx-
imate eigenvalues. What is the limit of the sequence of approximate eigenvalues for
most of the choices of the initial vector?

4. Consider solving the initial value problem of a first order ordinary differential equation.
What is the A-stability of a numerical method? Verify if the Euler method is A-stable.
Verify if the backward Euler method is A-stable.

5. Consider the initial value problem

+( ) sin(ty)=1+¢ >0,

Convert the problem to one for a system of first-order ordinary differential equations.
Develop a numerical method to solve the initial value problem of the system.



