Ph.D. qual. exam. and M.S. comp. exam. on ODEs.
Wednesday January 14, 2026.

Answer 5 out of 9 questions (only the best 5 will count). Show your calculations and justify your
answers.

1. The function

x(t) = z(t, to, xo) romo sin(t)

is solution to the following nonautonomous ODE
& = (sin(t) — 3)(x — sin(t)) + cos(t)

with initial conditions z¢p = 0 at to = 0, i.e.,, z(0) = 0. Give explicitly the (sensitivity)
function

R(t,0,0) = Dmox(t,to,xo) = aiow(t,to,xo)

to=0,2x0=0 to=0,2x0=0

2. Consider the flow ¢; of the following autonomous system of differential equations

il Tr9o — a:% — X1 — I2X3
Ty | = T1T9 + 173 + T2
T3 —2x129 + 103 — T3

and the set of initial values at tg =0
Xo = {z = (zo1, T02, 703) € R® | —1 < wp; <1 fori=1,2,3}

What is the volume of the set ¢;(Xy) at t = 2, i.e., mathematically speaking what is the
value of Vol(p2(Xo))?

3. We consider the following system of nonlinear autonomous ODEs

[9‘51]:[ 21(2 — 21 — 12)

ig IQ(Z — 41’1 — .%‘2)

Find all fixed points. Which of these fixed points are hyperbolic? If a fixed point is hyperbolic
say if it is a source, a sink, or a saddle.

4. The origin z* = (0,0,0) is a fixed point of the autonomous system of differential equations

T —2x9 + Tox3 — .7}:%
:i’z = r1 — 1,3 — .CU%
i‘g r1To — l‘g

(a) Is the origin z* = (0,0,0) a hyperbolic fixed point?

s the function V (z1, 22, x3) := x7 + 225 + x5 a (strict) Lyapunov function at the origin
b) Is the function V 2+ 222 + 23 a (strict) L function at the origi
x* = (0,0,0) for this system of differential equations?

(c) Is the constant solution z(t) = z* = (0,0, 0) asymptotically Lyapunov-stable?



(a) Consider the system of ODEs given by

T | wl—l—mg—?ml(x%—i—a:%)
gy | | w1 —@o— Tag (2§ +23) |’

Does this system have a periodic orbit?

(b) Consider the system of ODEs given by

T | wl—x2—7x1(x%+x§)
o | $1+.’E2—7.’E2(IE%—|—I‘%) ’

Does this system have a periodic orbit?

Note: a fixed point is not considered as being a periodic solution.

. Consider the autonomous nonlinear system of ODEs
Po—9 N 3 2
Tl = 20122 + T2, T2 =] 5+ x1.

Does this system have a periodic orbit? (note: a fixed point is not considered as being a
periodic orbit.)

. Does there exist a function y € C*([0,1],R) such that y(0) = 1/2, y(1) = 1 and the first
variation of

Aly) = /01 y* + (z+y)y'de = /01 YA (@) + (z + y(@)y' (z)do
satisfies 0. A[y] = 0, i.e., dA[y][h] = 0 Vh € C}([0,1],R)?
. For the following one-dimensional autonomous nonlinear ODE
t=a3 2% —pxr—p=(z+1)(z% - p),

find all the fixed points as a function of the parameter y € R, determine their Lyapunov-
stability, sketch a bifurcation diagram, and find the bifurcation value(s) of the parameter
u € R. Classify the bifurcation(s) as of the type saddle-node, transcritical, or pitchfork.

. Consider the system of ODEs & = f(¢,x) and the following explicit Runge-Kutta method
X1 = Xy
1
Xo = wo+hgf(to, X1)
X3 = xo+h(—f(to, X1) +2f (to + h/2, X2))
1 2 1
Ty = xo+h <6f (to, X1) + §f (to +h/2, X2) + gf (to + h7X3)>
(a) What is the (local) order of this method?
(b) What is the stability function R(z) of this method (& = Az, z := hA, and z1 = R(2)x0)?



